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Today’s Topic : The Imaginary Root Case



Review:

m
d2y

dt2
+ β

dy

dt
+ ky = 0



d2y

dt2
+ 4y = 0

Substitute y = ert into y′′ + 4y = 0

r = ±2i

The general solution will be a linear combi-
nation of e2it and e−2it



eiθ = cos θ+ i sin θ e−iθ = cos θ − i sin θ

y = c1e
2it + c2e

−2it

= c1(cos 2t+ i sin 2t) + c2(cos 2t− i sin 2t)
= (c1 + c2) cos 2t+ (ic1 − ic2) sin 2t



eiθ = cos θ+ i sin θ e−iθ = cos θ − i sin θ

y = c1e
2it + c2e

−2it

= c1(cos 2t+ i sin 2t) + c2(cos 2t− i sin 2t)
= (c1 + c2) cos 2t+ (ic1 − ic2) sin 2t
= a cos 2t+ b sin 2t



d2y

dt2
+ 4y = 0

y = a cos 2t+ b sin 2t



d2y

dt2
+ ω2y = 0

y = a cosωt+ b sinωt



d2y

dt2
+ ω2y = 0

y = a cosωt+ b sinωt

If t is time (in seconds) and ωt is in radians
then:

ω =
radians

sec



One cycle of sine or cosine is 2π radians



d2y

dt2
+ ω2y = 0

y = a cosωt+ b sinωt

If t is time (in sec) and ωt is in radians then:

ν =
ω radians

sec
· 1 cycle

2π radians
=

ω

2π

cycles

sec



d2y

dt2
+ ω2y = 0

y = a cosωt+ b sinωt

ν =
ω radians

sec
· 1 cycle

2π radians
=

ω

2π

cycles

sec

τ =
1

ν
=

2π

ω

sec

cycle



m
d2y

dt2
+ β

dy

dt
+ ky = 0

If β = 0 then:

m
d2y

dt2
+ ky = 0



d2y

dt2
+

k

m
y = 0

This is now in the form d2y
dt2 + ω2y = 0

ω =

√
k

m



ω =

√
k

m

y = a cosωt+ b sinωt

= a cos

(√
k

m
t

)
+ b sin

(√
k

m
t

)

ν =
ω

2π
=

√
k
m

2π
τ =

1

ν
= 2π

√
m

k



L
d2Q

dt2
+R

dQ

dt
+

1

C
Q = E(t)



L
d2Q

dt2
+

1

C
Q = 0



L
d2Q

dt2
+

1

C
Q = 0

d2Q

dt2
+

1

LC
Q = 0

This is now in the form y′′ + ω2y = 0

ω =
1√
LC



d2Q

dt2
+

1

LC
Q = 0

Q = a cosωt+ b sinωt

= a cos

(
t√
LC

)
+ b sin

(
t√
LC

)
τ =

2π

ω
= 2π

√
LC



Pendulum Motion:



θ =
s

ℓ

s = ℓθ

d2s

dt2
= ℓ

d2θ

dt2



F = −mg sin θ



ma = −mg sin θ

m
d2s

dt2
= −mg sin θ

mℓ
d2θ

dt2
= −mg sin θ

d2θ

dt2
+

g

ℓ
sin θ = 0



d2θ

dt2
+

g

ℓ
sin θ = 0

lim
θ→0

sin θ

θ
= 1

This means that for very small oscillations,
sin θ ≈ θ

d2θ

dt2
+

g

ℓ
θ = 0



d2θ

dt2
+

g

ℓ
θ = 0

This is in the form y′′ + ω2y = 0

ω =

√
g

ℓ



d2θ

dt2
+

g

ℓ
θ = 0

θ = c1 cosωt+ c2 sinωt

= c1 cos

(√
g

ℓ
t

)
+ c2 sin

(√
g

ℓ
t

)

τ =
2π

ω
= 2π

√
ℓ

g


