52,
53.
54,
55,

57.

z=10—-x*—», z=1

z=x2+y% x2+y*=25, z=0

y=x*+7% 2y=x%+272+4

Find the centroid of the homogeneous solid that is bounded
by the hemispherez = V/a* — x* — y? and the plane z = 0.
Find the center of mass of the solid that is bounded by the
graphs of y* + z> = 16, x = 0, and x = 5 if the density ata
point P is directly proportional to distance from the yz-plane.
Find the moment of inertia about the z-axis of the solid that
is bounded above by the hemisphere z = —xt -y
and below by the plane z = 2 if the density at a point P is
inversely proportional to the square of the distance from the
z-axis.

Find the moment of inertia about the x-axis of the solid that
is bounded by the cone z = Vx> — y? and the plane z = 1 if
the density at a point P is directly proportional to the distance
from the z-axis.

In Problems 59-62, convert the point given in spherical
coordinates to (a) rectangular coordinates and (b) cylindrical
coordinates.

(277 7r> 60 <5 S 27:')
3’2’6 ) 47 3

(8'" 62(15_'-'f_ﬂ>
’4’ . 3’3)6

In Problems 63—-66, convert the points given in rectangular coor-
dinates to spherical coordinates.

In Problems 67-70, convert the given equation to spherical

coordinates.

67. x2+y*+z2=64 68. x2+y*+z2=4¢

69. z2=13x%+ 3y? 70 —x2—y*+272=

In Problems 71-74, convert the given equation to rectangular
coordinates.

M p=10 12. ¢=al3

713. p=2seco 7. psin’¢ =coso

In Problems 75-82, use triple integrals and spherical
coordinates. In Problems 75-78, find the volume of the solid
that is bounded by the graphs of the given equations.

15.

16.
mn.
18.
19.

81.

z= \Wyz, 2+y*+z2=9

%2+ +z7%2=4, y=2x, y= V/3x, z=0, firstoctant
22=3x2+3y%, x=0, y=0, z=2, firstoctant
Inside X2 + y? + z? = 1 and outside 2 = x* + y?

Find the centroid of the homogeneous solid that is bounded
by the cone z = Vx? + y? and the sphere 22 + Y2 + 22 = 2z.
Find the center of mass of the solid that is bounded by the
hemisphere z = V1 — x? — y? and the plane z = 0 if the
density at a point P is directly proportional to the distance
from the xy-plane.

Find the mass of the solid that is bounded above by the hemi-
sphere z = V25 — x*> — y* and below by the plane z = 4 if
the density at a point P is inversely proportional to the distance
from the origin. [Hint: Express the upper ¢ limit of integrasion
as an inverse cosine.]

Find the moment of inertia about the z-axis of the solid that
is bounded by the sphere x2 + y? + z? = a? if the density ata
point P is directly proportional to the distance from the origin.

63. (—5,-5,0) 64. (1,—V3,1)
V3l V3 1
65. (2,2,1) 66. (—T,O, —2)

9.16 Divergence Theorem

= Introduction In Section 9.14 we saw that Stokes’ theorem was a three-dimensional
generalization of a vector form of Green’s theorem. In this section we present a second vector

form of Green’s theorem and its three-dimensional analogue.

[l Another Vector Form of Green’s Theorem LetF(x,y) = P(x, )i + O(x, y) j be
a two-dimensional vector field, and let T = (dx/ds)i + (dy/ds)j be a unit tangent to a simple
closed plane curve C. In (1) of Section 9.14 we saw that ¢. (F - T) ds can be evaluated by a
double integral involving curl F. Similarly, if n = (dy/ds)i — (dx/ds)j is a unit normal to C
(check T - m), then ¢ (F * n) ds can be expressed in terms of a double integral of div F. From

Green’s theorem,

frma-fro-ou- [ [2-(2)a- [ [2-2)a

that s, f(F-n) ds = ” divF dA.
C

R

R
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The result in (1) is a special case of the divergence or Gauss’ theorem. The following is a
generalization of (1) to 3-space:

Theorem 9.16.1 Divergence Thearem

Let D be a closed and bounded region in 3-space with a piecewise-smooth boundary § that is
oniented outward. Let F(x, y, z) = P(x, y, 2)i + Q(x,y,2) j + R(x, ¥, z)k be a vector field for
which P, O, and R are continuous and have continuous first partial derivatives in a region of

3-space containing D. Thea
[[w-mas = [[ aweas .
s D

PARTIAL PROOF: We will prove (2) for the special region D shown in AGURE 9.16.1 whose

n
A/_\f; surface § consists of three pieces:
N (bottom) S§;:z=fi(x.y), (x,y)inR
ST .
y e (top) Spz=fixy), (yinR
W?P y (side) Syfix,)=z=f(xy), @®yonC,
/—\R where R is the projection of D onto the xy-plane and C is the boundary of R. Since
X \_C/—'—\/
. _ 9P 30 @R o

AGURE9.16.1 Region D used in proof of F= oty T ™ Fo=PU-m+0(-m+Rk-n),
Thearem 9.16.1

we can write

J](F'n)ds= Jjﬂi'n)ds+ J] 0 - m)dS + HR(k'n)dS

S S S S

w [ L [ S

To prove (2) we need only establish that

]P(i-n)dS= H ga‘v {3)
J J ox

s D

‘o ({22

_[Q(.lll)ds—-jade {4)
5 n

. ([ R

‘[R(k-n)dS— 4 J % dv. {5)
s D

Indeed, we shall prove only (5), since the proofs of (3) and (4) follow in a similar manner. Now,

hix y)
jﬂ R - H [ L a—Rdz] dA = H[R(x. 9o Fixy) — Ry, fi y)] dA.  (6)

(74 Gy 02
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Next we write
HR(k-n) das = HR(k-n) das + HR(k-n) das + ﬂR(k-n) ds.
5 L 5, 3,

On §;: Since the outward normal points downward, we describe the surface as g(x, ¥, z) =
A, y) — 2= 0. Thus,

3
f1i+af1j—k
ax’ | oy -1

n= ) spny sothat k-n = ) ”
Vi (5 - (3) Vi (2 + ()
ax ay ox ay
From the definition of dS we then have
IIR(k'n) as = — IIR(x! yvfl(x! y)) dA. (7}

5 R

On $;: The outward normal points upward, so

Zf B :ﬁ“k 1
n= h\2 afzsothax k-n= a5\ o5\?
V(5 (3 V(-3
ax ay ox ay
from which we find
HR(k-n) as - ﬂR(x, ¥, i, 7)) dA. (8
s, R

On $,: Since this side is vertical, k is perpendicular %0 n. Cousequently, k - n = 0 and

HR(km) ds = 0. (9} b‘\

s’ = ek D' ——
- T >
Finally, adding (7), (8), and (9), we get e
f ¥
i F

JJ [R(xs y9f2(xs )’)) - R(xa y,f1(x, )’))] dA, )f;)

R &
which is the same as (6). gg:“ 9.162 Region D with no vertical

Although we proved (2) for a special region D that has a vertical side, we note that this type
of region is not required in Theorem 9.16.1. A region D with no vertical side is illustrated in
AGURE 9.162; a region bounded by a sphere or an ellipsoid also does not have a vertical side. The
divergence theorem also holds for the region D bounded between two closed surfaces, such as
the concentric spheres S, and S, shown in FIGURE 9.16.3; the boundary surface S of D is the union
of S, and ;. In this case [[s (F - n) dS = [[[, div F dV becomes

J] () i H (EFm) dy = m divkidy, AGURES.163 Region D is bounded
5y Sq D between two cancentric splcres
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where n points outward from D; that is, n points away from the origin on S, and n points toward
the origin on S,,.

IR Verifying Divergence Theorem

Let D be the region bounded by the hemisphere x2 + y? + (z — 1)2 =9, 1 < z < 4, and the
plane z = 1. Verify the divergence theorem if F = xi + yj + (z — 1)k.

z SOLUTION The closed region is shown in FIGURE 9.16.4.
S 4y24+(z-12=9 T /n,
1<z<4 + Triple Integral: Since F = xi + yj + (z — 1)k, we see div F = 3. Hence,
[
P S i m div F dV = Jﬂ 34V = 3m dV = 54 (10)
\h'___/ __;2-:;5:9 D D D

FIGURE 9.16.4 Hemispherical region D in In the last calculation, we used the fact that [ [ [, dV gives the volume of the hemisphere (373°).

Example 1 Surface Integral: We write [ [ = [[5, + [[s, where S, is the hemisphere and S, is the plane

z=1.1If 8, is a level surface of g(x, y, z) = x* + y* + (z — 1), then a unit outer normal is

Vg xi+yj+@z— Dk x. y. z-—1
n= = =~l+~J+ k-
Vel Ve2+y+@-12 3 3 3
x2 y2 (Z_l)2 1 1

Fon="+> 4+ = x2+yY+@g—-1)=_9=

Now n 3 3 3 3(x y (z ) 3 9=3
3

and so H(F-n) das = J’(B) (—,7 dA)

s R 9—x -y

27 3
= 9J’0 J' 9 — r) rdrdf = 54m. < polar coordinates
o

On S,, wetaken = —ksothatF-n = —z + 1. But,sincez = 1, [f5 (-2 + 1)dS = 0.
Hence, we see that [ [ (F - n) dS = 547 + 0 = 547 agrees with (10). =

EEZYETE] Using Divergence Theorem

If F = xyi + y*zj + 2°k, evaluate [ [5(F - n) dS, where S is the unit cube defined by 0 = x < 1,
O0=y=1,0=z=1.

SOLUTION See Figure 9.13.14 and Problem 38 in Exercises 9.13. Rather than evaluate six
surface integrals, we apply the divergence theorem. Since divF = V - F = y + 2yz + 372,
we have from (2)

ﬂ (F-n) dS = m(y + 2yz + 3z%)dV
S

D

1plpl
= J J;L (y + 2yz + 329 dxdydz
o

1,1
= LL (y + 2yz + 3z%dydz
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1y2 1
J(+y2z+3yzz)] dz
0 2 0
1 1
1 1 1
o+ 2dz=|z+ 22 +2%)| =20 =
L(Z z+3z)dz (22 X z)]o 2

[J Physical Interpretation of Divergence In Section 9.14 we saw that we could
express the normal component of the curl of a vector field F at a point as a limit involving the
circulation of F. In view of (2), it is possible to interpret the divergence of F at a point as a limit
involving the flux of F. Recall from Section 9.7 that the flux of the velocity field F of a fluid is
the rate of fluid flow—that is, the volume of fluid flowing through a surface per unit time. In
Section 9.7 we saw that the divergence of F is the flux per unit volume. To reinforce this last idea
let us suppose Py(X, Yo, Z¢) is any point in the fluid and S, is a small sphere of radius r centered
at Py. See FIGURE 9.16.5. If D, is the sphere S, and its interior, then the divergence theorem gives

ﬂ(F-n) ds = ﬂ div F aV. (11

Sy Dy

If we take the approximation div F(P) = div F(P) at all points P(x, ¥, z) within the small sphere,

then (11) gives
ﬂ (F-n)dS Jﬂ div F(Py) dV

Sy D,

1

div F(Py) m av (12)

D,

= divF(R)V,,

where V, is the volume (37rr) of the spherical region D,. By letting r — 0, we see from (12)
that the divergence of F is the limiting value of the ratio of the flux of F to the volume of the
spherical region:

1
div F(Py) = lim ﬂ (F-n)ds.
r—0 Vr

Sr

Hence, divergence F is flux per unit volume.

The divergence theorem is extremely useful in the derivation of some of the famous equations
in electricity and magnetism and hydrodynamics. In the discussion that follows we shall consider
an example from the study of fluids.

0 Continuity Equation At the end of Section 9.7 we mentioned that one interpretation
of div F was a measure of the rate of change of the density of a fluid at a point. To see why
this is so, let us suppose that F is a velocity field of a fluid and that p(x, y, z, £) is the density
of the fluid at a point P(x, y, z) at a time . Let D be the closed region consisting of a sphere S
and its interior. We lnow from Section 9.15 that the total mass m of the fluid in D is given by
m = [[[p p(x,V, z, £) dV. The rate at which the mass increases in D is given by

)

Sk _ [ %
e m Py, 2,1 dV = m WV (13)
D

D

Now from Figure 9.7.3 we saw that the volume of fluid flowing through an element of surface
area AS per unit time is approximated by (F - n) A S. The mass of the fluid flowing through an
element of surface area A § per unit time is then (pF - n) AS. If we assume that the change in

9.16 Divergence Theorem

.Pﬂ
/ D,
n

FIGURE 9.16.5 Region D, in (11)
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m Exercises Answers to selected odd-numbered problems begin on page ANS-24.

mass in D is due only to the flow in and out of D, then the volume of fluid flowing out of D per
unit dime is given by (10) of Section 9.13, [ (F - n) dS, whereas the mass of the fluid flowing
out of D per unit time is [ [ (pF - n) dS. Hence, an alternative expression for the rate at which
the mass increases in D is

= ﬂ (oF - n) dS. (14)

S

By the divergence theorem, (14) is the same as

Equating (13) and (15) then yields

- f H div(pF) dV. (15)
D

ap . ap .
JI[ I dv = — JI[ div(pF) dV or J” < o + le(PF)) av = 0.
D D D

Since this last result is to hold for every sphere, we obtain the equation of continuity for fluid

flows:

J
a—’t’ + div(pF) = 0. (16)

On page 499 we stated that if div F = V - F = 0, then a fluid is incompressible. This fact
follows immediately from (16). If a fluid is incompressible (such as water), then p is constant,
so consequently V - (pF) = pV - F. But in addition dp/dt = 0 and so (16) implies V - F = 0.

In Problems 1 and 2, verify the divergence theorem.

1.

2.

F = xyi + yz j + xzk; D the region bounded by the unit cube
definedby0=x=1,0=y=1,0=z=1

F = 6xyi + 4yzj + xe ’k; D the region bounded by the three
coordinate planes and the planex +y + z =1

In Problems 3-14, use the divergence theorem to find the
outward flux [ (F - n) dS of the given vector field F.

3.

4.

F = x% + y3j + z°k; D the region bounded by the sphere
2+y+2=a

F = 4xi + yj + 4zKk; D the region bounded by the sphere
Z+y +z2=4

F = y%i + xz2%j + (z — 1)’k; D the region bounded by the
cylinder x2 + y* = 16 and the planes z = 1,z = 5

F = x%i + 2yzj + 4z°k; D the region bounded by the paral-
lelepiped defined by 0=x=1,0=y=2,0=z=<3

F = y’i + xj + Z2’k; D the region bounded within by
z= —x =y x*+y*=3,2=0

F = (x? + sin y)i + z2j + xy°k; D the region bounded by
y=x%42=9-y2=0

F = (xi + yj + zk)/(x? + y* + z2); D the region bounded by
the concentric spheres x? + y* + z2 = @, x* + y* + 22 = b?,
b>a
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12.

13.

14.

F = 2yzi + x3j + xyk; D the region bounded by the ellipsoid
xa® + yIb* + 2%ct =1

F = 2xzi + 5y*j — z°k; D the region bounded by z = y,
z=4—y,z=2—3x% x =0,z = 0. See FIGURE 9.16.6.

FIGURE 9.16.6 Region D for Problem 11

F = 15x%i + x%z j + y*k; D theregion bounded by x + y = 2,
z=x+y,z=3,x=0,y=0

F = 3x%%i + yj — 6zxy’k; D the region bounded by the
paraboloid z = x* + y* and the plane z = 2y

F = xy%i + x%yj + 6 sin xk; D the region bounded by the

cone z = + y* and the planesz = 2,z = 4



15. The electric field at a point P(x, y, z) due to a point charge g
located at the origin is given by the inverse square field

r
E=q: 0,
el

where r = xi + yj + zk.

(a) SupposeSisaclosedsurface,S,isasphere x>+ y* + z? = a?
lying completely within S, and D is the region bounded
between S and S,. See FIGURE 9.16.7. Show that the outward
flux of E for the region D is zero.

(b) Use the result of part (a) to prove Gauss’ law:

JJ(E-n)dS = 4mq;

N

that is, the outward flux of the electric field E through
any closed surface (for which the divergence theorem
applies) containing the origin is 47rg.

FIGURE 9.16.7 Region D for Problem 15(a)

16. Suppose there is a continuous distribution of charge through-
out a closed and bounded region D enclosed by a surface S.
Then the natural extension of Gauss’ law is given by

i~

D

where p(x, y, z) is the charge density or charge per unit

volume.

(a) Proceed as in the derivation of the continuity equation
(16) to show that div E = 47p.

(b) Given that E is an irrotational vector field, show that the
potential ¢ for E satisfies Poisson’s equasion V¢ = 41rp.

In Problems 17-21, assume that S forms the boundary of a
closed and bounded region D.

12. If a is a constant vector, show that [[¢(a - n) dS = 0.
18. IfF = Pi+ Qj + Rkand P, Q, and Rhave continuous second
partial derivatives, prove that

ﬂ (curl F - n) dS = 0.

N

In Problems 19 and 20, assume that f and g are scalar functions
with continuous second partial derivatives. Use the divergence
theorem to establish Green’s identities.

19, ﬂ (fVg)-nds = JJ] (fV’%g + Vf-Vg)dv
S D

20. ﬂ (fVg — gVf)-ndS = IH (fVg — gV¥)av
N D
21. Iffis ascalar function with continuous first partial derivasives,

prove that
([ mas = {][srav.

N D

[Hint. Use (2) on fa, where a is a constant vector, and Problem 27
in Exercises 9.7.]

22. The buoyancy force on a floating objectis B = — [[;pn dS,
where p is the fluid pressure. The pressure p is related to
the density of the fluid p (x, y, z) by a law of hydrostatics:
Vp = p(x,y, z)g, where g is the constant acceleration of grav-
ity. If the weight of the object is W = mg, use the result of
Problem 21 to prove Archimedes’ principle, B + W = 0. See
FIGURE 9.16.8.

FIGURE 9.16.8 Floating object in Problem 22

I 9.17 Change of Variables in Multiple Integrals

= Introduction In many instances it is either a matter of convenience or of necessity to
make a substitution, or change of variable, in a definite integral f: f(x) dx in order to evaluate it.
If fis continuous on [a, b], x = g(u) has a continuous derivative, and dx = g'(z) du, then

b d
J fx)dx = Jf(g(u)) g'(u) du,

a

(1
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If the function g is one-to-one,
then it has an inverse and so
c=g Ya)andd = g7'(b).

x2+y2=8

(a) Region R in xy-plane
6

77)

< .

/4

—_—
0 V8

(b) Region S in r 6-plane

FIGURE 9.17.1 Region S is used to
evaluate (6)

5 /3
(J3:43)

w+v2=4

(a)

Ly y=1 @0

T } i f x

(b)

FIGURE 9.17.2 Region R is the image of
region S in Example 1

p  where the u-limits of integration ¢ and d are defined by a = g(c) and b = g(d). There are three

things that bear emphasizing in (1). To change the variable in a definite integral we replace x
where it appears in the integrand by g(u), we change the interval of integration [a, b] on the x-axis
to the corresponding interval [c, d] on the u-axis, and we replace dx by a function multiple (namely,
the derivative of g) of du. If we write J(u) = dx/du, then (1) has the form

b d
J f(x)dx = I J(8w)) J(u) du. 2)
For example, using x = 2 sin §, —7/2 = 6 = /2, we get
x-limits 6-limits
I f® | f@sin6) J(6)
Vot Wanhe

2
L V4 — x2dx = JO 2cosf (2cos0)db = 4J0 cos20do = .

[ Double Integrals Although changing variables in a multiple integral is not as straight-
forward as the procedure in (1), the basic idea illustrated in (2) carries over. To change variables
in a double integral we need two equations such as

x=fu,v),

To be analogous with (2), we expect that a change of variables in a double integral would take
the form

y = g(u,v). (3)

JJ'F (x,y)dA = ﬂ F(f(u,v), g, v))J(u,v)dA', (4)

R S

where S is the region in the uv-plane corresponding to the region R in the xy-plane and J(u, v) is
some function that depends on the partial derivatives of the equations in (3). The symbol dA’ on
the right side of (4) represents either du dv or dv du.

In Section 9.11 we briefly discussed how to change a double integral [ [ F(x, y) dA from
rectangular coordinates to polar coordinates. Recall that in Example 2 of that section the
substitutions

x=rcosh, y=rsinb (5)

2 VE—x2 1 /2 V3 1
led t: dydx = — rdrdb. 6
ecto LL 5+x2+y2y J;,/4L 5+.27 9 (6)

As we see in FIGURE 9.17.1, the introduction of polar coordinates changes the original region
of integration R in the xy-plane to the more convenient rectangular region of integration S in
the rf-plane. We note, too, that by comparing (4) with (6), we can identify J(r, §) = r and
dA' = drdb.

The change-of-variable equations in (3) define a transformation or mapping 7 from the
uv-plane to the xy-plane. A point (xg, yo) in the xy-plane determined from xy = f(ug, vo), Yo = g(ug, Vo)
is said to be an image of (ug, vy).

[N IJIRN Image of a Region

Find the image of the region S shown in FIGURE 9.17.2(a) under the wransformation x = u* + 2,
y=u?— V2.

SOLUTION We begin by finding the images of the sides of S that we have indicated by S,
S,, and S;.

S;: On this side v = 0 so that x = 42, y = u?. Eliminating u then gives y = x. Now
imagine moving along the boundary from (1, 0) to (2, 0) (that is, 1 = u = 2). The
equations x = u?, y = u? then indicate that x ranges from x = 1 to x = 4 and y ranges
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