
f(x) =
1

2
a0 +

∞∑
n=1

(
an cos

nπx

L
+ bn sin

nπx

L

)

an =
1

L

∫ L

−L

f(x) cos
nπx

L
dx

bn =
1

L

∫ L

−L

f(x) sin
nπx

L
dx



L = 1

f(x) =
1

2
a0 +

∞∑
n=1

(an cosnπx+ bn sinnπx)

an =

∫ 1

−1

f(x) cosnπx dx

bn =

∫ 1

−1

f(x) sinnπx dx



Find the Fourier series for f(x) = sin2 πx for L = 1



Find the Fourier series for f(x) = sin2 πx for L = 1

sin2 πx =
1

2
a0 +

∞∑
n=1

(an cosnπx+ bn sinnπx)

an =

∫ 1

−1

sin2 πx cosnπx dx

bn =

∫ 1

−1

sin2 πx sinnπx dx



f(x) = sin2(πx) is an even function

f(−x) = sin2(−πx)

= (sin(−πx))
2

= (− sin(πx))
2

= sin2(πx)

= f(x)



sin2 πx =
1

2
a0 +

∞∑
n=1

(an cosnπx+ bn sinnπx)

an =

∫ 1

−1

sin2 πx cosnπx dx

= 2

∫ 1

0

sin2 πx cosnπx dx

bn =

∫ 1

−1

sin2 πx sinnπx dx = 0



an = 2

∫ 1

0

sin2 πx cosnπx dx



Use Euler’s formula on ei(α+β) = eiαeiβ we get:

cos(α+ β) = cosα cosβ − sinα sinβ

Use Euler’s formula on ei(α−β) = eiαe−iβ we get:

cos(α− β) = cosα cosβ + sinα sinβ



cos(α− β) = cosα cosβ + sinα sinβ

cos(α+ β) = cosα cosβ − sinα sinβ

If we add, we get:

cos(α− β) + cos(α+ β) = 2 cosα cosβ

If we subtract, we get:

cos(α− β)− cos(α+ β) = 2 sinα sinβ



an = 2

∫ 1

0

sin2 πx cosnπx dx

So,

a0 = 2

∫ 1

0

sin2 πx dx

Substitute α = πx and β = πx into

cos(α− β)− cos(α+ β) = 2 sinα sinβ

1− cos 2πx = 2 sin2 πx



a0 = 2

∫ 1

0

sin2 πx dx

=

∫ 1

0

(1− cos 2πx) dx

=

[
x− sin 2πx

2π

]1
0

= 1



Calculate for n ≥ 1:

an = 2

∫ 1

0

sin2 πx cosnπx dx

We already know that 2 sin2 πx = 1− cos 2πx

an =

∫ 1

0

(1− cos 2πx)(cosnπx) dx



an =

∫ 1

0

(1− cos 2πx)(cosnπx) dx

=

∫ 1

0

cosnπx dx−
∫ 1

0

cos 2πx cosnπx dx

= 0−
∫ 1

0

cos 2πx cosnπx dx



Substitute α = 2πx and β = nπx into

cos(α− β) + cos(α+ β) = 2 cosα cosβ

cos(2πx−nπx)+cos(2πx+nπx) = 2 cos 2πx cosnπx

cos((2− n)πx) + cos((2 + n)πx) = 2 cos 2πx cosnπx



an = −
∫ 1

0

cos 2πx cosnπx dx

= −
∫ 1

0

1

2
(cos((2− n)πx) + cos((2 + n)πx))

= −1

2
·
[
sin((2− n)πx)

(2− n)π
+

sin((2 + n)πx)

(2 + n)π

]1
0

= 0

(assuming n ̸= 2)



If n = 2 then:

an = −
∫ 1

0

cos 2πx cosnπx dx

= −
∫ 1

0

1

2
(cos((2− n)πx) + cos((2 + n)πx)) dx

= −
∫ 1

0

1

2
(1 + cos 4πx) dx

a2 = −1

2



sin2 πx =
1

2
a0 +

∞∑
n=1

an cosnπx

a0 =
1

2
a2 = −1

2
an = 0 (for all other n’s)



sin2 πx =
1

2
a0 + a1 cos 1πx+ a2 cos 2πx+ a3 cos 3πx+ · · ·

=
1

2
· 1 + 0 · cos 1πx− 1

2
cos 2πx+ 0 · cos 3πx+ · · ·

=
1

2
− 1

2
cos 2πx



sin2 πx =
1

2
− 1

2
cos 2πx

More generally,

sin2 θ =
1

2
− 1

2
cos 2θ


