
Surface Area

z = f(x, y)













Let r⃗ = ⟨x, y⟩ be the position vector

T⃗ = ⟨dx, dy⟩ =
⟨
1,

dy

dx

⟩
dx =

d⃗r

dx
dx



Let r⃗ = ⟨x, y, z⟩ be the position vector

T⃗x =
∂r⃗

∂x
dx =

⟨
1, 0,

∂z

∂x

⟩
dx



Let r⃗ = ⟨x, y, z⟩ be the position vector

T⃗x =
∂r⃗

∂x
dx = ⟨1, 0, zx⟩ dx



Let r⃗ = ⟨x, y, z⟩ be the position vector

T⃗y =
∂r⃗

∂y
dy = ⟨0, 1, zy⟩ dy



T⃗x × T⃗y



dS = |T⃗x × T⃗y|





T⃗x × T⃗y = ⟨1, 0, zx⟩ × ⟨0, 1, zy⟩ dx dy

=

∣∣∣∣∣∣
i⃗ j⃗ k⃗
1 0 zx
0 1 zy

∣∣∣∣∣∣ dx dy
= ⟨−zx, −zy, 1⟩ dx dy



T⃗x × T⃗y = ⟨1, 0, zx⟩ × ⟨0, 1, zy⟩ dx dy

=

∣∣∣∣∣∣
i⃗ j⃗ k⃗
1 0 zx
0 1 zy

∣∣∣∣∣∣ dx dy
= ⟨−zx, −zy, 1⟩ dx dy

dS = |T⃗x × T⃗y| =
√

z2x + z2y + 1 dx dy



A(S) =

∫ ∫
D

√
z2x + z2y + 1 dx dy



y2 + z2 = 1



z =
√
1− y2



Let D be the triangular region in the xy plane



Let S be the portion of the cylinder z =
√
1− y2

that is directly above D



A(S) =

∫ ∫
D

√
z2x + z2y + 1 dx dy

If z =
√
1− y2 then: ∂z

∂x = 0 and ∂z
∂y = −y√

1−y2

√
z2x + z2y + 1 =

√
0 +

y2

1− y2
+ 1 =

1√
1− y2



A(S) =

∫ ∫
D

√
z2x + z2y + 1 dA

=

∫ 1

0

∫ y

0

1√
1− y2

dx dy



A(S) =

∫ ∫
D

√
z2x + z2y + 1 dA

=

∫ 1

0

∫ y

0

1√
1− y2

dx dy

=

∫ 1

0

y√
1− y2

dy

= 1



Example:
Calculate the surface area of a sphere of radius a

x2 + y2 + z2 = a2



We can always double the surface area of a hemi-
sphere

z =
√
a2 − x2 − y2



z =
(
a2 − x2 − y2

)1/2
zx =

−x√
a2 − x2 − y2

zy =
−y√

a2 − x2 − y2

z2x + z2y + 1 =
x2

a2 − x2 − y2
+

y2

a2 − x2 − y2
+ 1

=
a2

a2 − x2 − y2



dS =
√
z2x + z2y + 1 dx dy =

a√
a2 − x2 − y2

dx dy

Area(S) =

∫ ∫
D

a√
a2 − x2 − y2

dx dy



Area(S) =

∫ ∫
D

a√
a2 − (x2 + y2)

dA

=

∫ a

0

∫ 2π

0

a√
a2 − r2

r dθ dr

=

∫ a

0

2πar√
a2 − r2

dr

= 2πa2



Area(Sphere) = 2 ·Area(hemisphere) = 4πa2




