Surface Area - Parametric
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x = pcosfsin @
y = psinfsin ¢
2 = pCcos @
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P(p, :ib L)




x = acosfsin ¢

Yy = asinfsin ¢




Z = @ CoS ¢

Yy = asinfsin ¢

x = acosfsin ¢

In vector form,

r=(x, y, z) = (acosfsin @, asinfsin ¢, acos )
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Hold ¢ constant and vary 6
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Hold ¢ constant and vary 6




Hold 6 constant and vary ¢




Hold 6 constant and vary ¢







More generally, surfaces can be described by a vector equation
of the form

r= <CIJ(U,’U), y(ua U)? z(u,v)}

The variables u and v are called the parameters
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Polar Coordinates

x =1rcosb y =rsinf



Polar Coordinates

T = U COSV Yy = usinv



z:4—x2—y2:4—(a:2+y2)
Let x =wucosv Yy = usinv

z=4— ((ucosv)® + (usinv)?) = 4 — u?



z:4—x2—y2:4—(a:2+y2)

Let x =wucosv Yy = usinv
z=4— ((ucosv)® + (usinv)?) = 4 — u?
¥ = (x, y, z) = (ucosv, usinv, 4 — u?)

where 0 < v <27 and 0 < u <2



O<v<2rand 0 <u <2




O<v<2rand 0<u<2




¥ = (r, y, z) = (ucosv, usinv, 4 — u?)
where 0 < v <27 and 0 < u <2

Vary v for different values of u
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O<v<2rand 0<u<2




¥ = (r, y, z) = (ucosv, usinv, 4 — u?)
where 0 < v <27 and 0 < u <2

Vary u for different values of v




¥ = (r, y, z) = (ucosv, usinv, 4 — u?)
where 0 < v <27 and 0 < u <2

Combine the grid lines together
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U COSV, USINV

<

where 0 < v <2rand 0 <u <2

— <337 Y, Z>

Tem

We have induced a grid on the parabolic surface



Area of the Surface Element

The equation ¥(u,v) = (x, y, z) represents a transformation
from a wv-plane to an xyz-axis. The graph of all the points
r(u,v) is a surface.




Suppose we subdivide a region of the uv-axis into a rectangular
grid.




This will automatically subdivide the surface ¥(u, v) into a grid.
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Consider one rectangle on the uv grid.
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Let dr be the vector denoting the change in position along this
curve.
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The length of this cross product is equal to the area of one
surface element
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The length of this cross product is denoted by d.S

or or
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D
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usinv, 4 — u2>

= <u COS v,

r

where 0 <u <2and 0 <ov <27
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r = <ucosv, usinv, 4—u2>

. or ,
r, = — = (cosv, sinv, —2u)
ou
. or ,
r, = — = (—usinwv, ucosv, 0)
ov
i j k
I, X Ty = CcoS v sinv —2u

—usSinv UCOSV 0



r = <ucosv, usinv, 4—u2>

L, or ,
r, = — = (cosv, sinv, —2u)
ou
., or ,
Fy = o = (—usinv, ucosv, 0)
v

r, X T, = <2u2 cosv, 2u?sinw, u>

r, X Ty = V4u? + u? = uv/4u? + 1



id for 0 < u < 2 and

Let S be the portion of the parabolo

0 < v < 27 Find the surface area
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Find the surface area of a sphere of radius a

a CcoS ¢

Z

Yy = asinfsin ¢

x = acosfsin ¢

In vector form,

(x, y, z) = (acosfsin¢, asinfsin ¢, acos @)




A(S):// ¥y, X T| dv du
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A(S) = / / IF5 X T dO dob
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r=(x, y, z) = (acosfsin¢, asinfsin o, acos )

Iy = (acosfcos¢, asinfcosp, —asin @)

r'g = (—asinfsin ¢, acosfsinp, 0)

Calculate ry X rp



Iy = (acosfcos¢, asinfcosp, —asin@)
rg = (—asinfsin ¢, acosfsin @, 0)
i j K
ry Xrg=| acosfcos¢ asinfcos¢ —asing@
—asinfsing acosfsing 0



Iy = (acosfcos¢, asinfcosp, —asin@)
rg = (—asinfsin ¢, acosfsin @, 0)

— — —

i j k
Iy XTg=| acosfcos¢ asinfcos¢ —asing
—asinfsing acosfsing 0

— a®sin ¢ (cos O sin ¢, sin@sin ¢, cos @)



|{cos O sin ¢, sinfsin ¢, cosg)| =1



¥y X Tp| = a®sin ¢|(cos @ sin ¢, sinfsin ¢, cos @)

= a”sin ¢



dS = |Fy x Tg|dO dp = a® sin ¢ df) d¢
T 2T
A(S)—// a” sin ¢ df do
0 0

= 2ma? / sin ¢ do
0

— 47a?






