The Divergence Theorem
Dr. Elliott Jacobs
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F represents flow through a solid. Divide the solid into two

compartments.
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Ants enter Room 2 through Door 3 at 4 ants/sec
Ants are passing through Door 2 into Room 1 at 2 ants/sec
Ants are leaving through Door 1 at 1 ant/sec

Therefore, the ant flux is -3 ants/sec
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Camera in Room 1 shows an ant flux of -1
Flux out of Room1=-2+1= -1
Camera in Room 2 shows an ant flux of -2

Flux out of Room 2 = -4 +2 = -2
Flux (Room 1) + Flux (Room 2) = (-2+4+1) 4+ (—4+2) = -3




Back to general vector fields
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Each compartment has six faces.
first compartment: S11, Si2, Si3, S14, S15 and Sig

|

second compartment: Ss1, Soo, Sa3z, Saos, Sos and Sog.
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The total flux out of the first compartment is:
6
(I)Sll + (1)512 + (1)513 + (I)5'14 + (1)515 + (1)516 — Z (I)Slj
j=1
and the total flux out of the second compartment is:
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gy + s,y + Py + Popy + Py + Py = Z (I)S2j
=1
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where S is the entire surface surrounding the two combined
compartments.



Generalize to more interior compartments.
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So, in one small compartment, V e F =

dg
vol(v)

Dg ~ (Ve F)vol(V)
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6
Z B, ~ (Ve F)vol(V;)
j=1

where V; is the interior of the ' compartment.



6
Y ®s,, ~ (VeF) vol(V;)
j=1

where V; is the interior of the ' compartment.
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Diwvergence Theorem.



Divergence Theorem - Conditions

1. V e F must exist at all points in the interior of the solid

2. S must be a closed surface.
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Example: Let €2 be the surface forming the vertical side of a
cylinder of radius 1 around the z axis, for 0 < 2z < 3
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Let B be the surface that forms the base of this cylinder. B is

a disk of radius 1 in the zy plane.
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Let T be the surface that forms the top of this cylinder. T is

a disk of radius 1 that is 3 units above the zy plane.




Let S be the closed surface around the cylinder
Let F = (z, y, 2+ 1).

Calculate the surface integral: [ FeiidS
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Calculate [f F e 1 dS by adding up the flux through all three
surfaces that form S
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If F = (z, y, z+1) then:

2 0 0 0
dlvF—VoF——(a:)—l—a—y(y)—l—g(z—kl)—iﬁ
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<z<2

v x? 4+ y? for 1

Let € be the portion of the cone z




Calculate // FenidS
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Add in the top T and the bottom B. Call the closed surface S
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Along the top, z = 2 so F = (222 — 8) k = 0k
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The outward normal on the bottom is n = —

Along the bottom, z =1so F =
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