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∇ • F⃗

∇ϕ

∇× F⃗

∇2ϕ



f = f(x)

f ′(x) =
d

dx
f(x)



(f(x) + g(x))′ = f ′(x) + g′(x)

d

dx
(f(x) + g(x)) =

d

dx
f(x) +

d

dx
g(x)



The Gradient Operator

If ϕ = ϕ(x, y, z) then the gradient of ϕ is:⟨
∂ϕ

∂x
,
∂ϕ

∂y
,
∂ϕ

∂z

⟩
Or, equivalently:

∂ϕ

∂x
i⃗ +

∂ϕ

∂y
j⃗ +

∂ϕ

∂z
k⃗



Example:
ϕ(x, y, z) = x2y + z3

The gradient is the vector:⟨
2xy, x2, 3z2

⟩



ϕ = ϕ(x, y, z)⟨
∂ϕ

∂x
,
∂ϕ

∂y
,
∂ϕ

∂z

⟩
=

⟨
∂

∂x
,

∂

∂y
,
∂

∂z

⟩
ϕ

Abbreviation:
∇ϕ



∇ =

⟨
∂

∂x
,

∂

∂y
,
∂

∂z

⟩



∇ =
∂

∂x
i⃗ +

∂

∂y
j⃗ +

∂

∂z
k⃗



∇ =
∂

∂x
i⃗ +

∂

∂y
j⃗ +

∂

∂z
k⃗

Warning, could be misinterpreted as

0⃗+ 0⃗+ 0⃗



∇ = i⃗
∂

∂x
+ j⃗

∂

∂y
+ k⃗

∂

∂z



Derivative Properties:

If f = f(x), g = g(x) and both a and b are constants
then:

d

dx
(af + bg) = a

df

dx
+ b

dg

dx

d

dx
(fg) = f

dg

dx
+ g

df

dx



Gradient Properties:

If f = f(x, y, z) and g = g(x, y, z) then:

∇(af + bg) = a∇f + b∇g

∇(fg) = f∇g + g∇f





If F = ⟨F1(x, y, z), F2(x, y, z), F3(x, y, z)⟩ then the

divergence of F⃗ is:

∂F1

∂x
+

∂F2

∂y
+

∂F3

∂z

Example: If F⃗ = ⟨xyz3, y2z, xz2⟩ then:

div F⃗ = yz3 + 2yz + 2xz



∂F1

∂x
+

∂F2

∂y
+

∂F2

∂z
=

⟨
∂

∂x
,

∂

∂y
,
∂

∂z

⟩
• ⟨F1, F2, F3⟩

div F⃗ = ∇ • F⃗



∂F1

∂x
+

∂F2

∂y
+

∂F2

∂z
=

⟨
∂

∂x
,

∂

∂y
,
∂

∂z

⟩
• ⟨F1, F2, F3⟩

div F⃗ = ∇ • F⃗

Also can be written as:(⃗
i
∂

∂x
+ j⃗

∂

∂y
+ k⃗

∂

∂z

)
•
(
F1⃗i+ F2⃗j+ F3k⃗

)



Derivative Properties:

If f = f(x), g = g(x) and both a and b are constants
then:

d

dx
(af + bg) = a

df

dx
+ b

dg

dx

d

dx
(fg) = f

dg

dx
+ g

df

dx



Divergence Properties:

If ϕ = ϕ(x, y, z) is a scalar-valued function and

F⃗ = F⃗(x, y, z) and G⃗ = G⃗(x, y, z) are both vector
fields then:

∇ • (aF⃗+ bG⃗) = a∇ • F⃗+ b∇ • G⃗

∇ • (ϕF⃗) = ϕ∇ • F⃗+∇ϕ • F⃗



If F⃗ = ⟨F1, F2, F3⟩ then ϕF⃗ = ⟨ϕF1, ϕF2, ϕF3⟩

∇ • (ϕF⃗) = ∂

∂x
(ϕF1) +

∂

∂y
(ϕF2) +

∂

∂z
(ϕF3)

Expand, using the Product Rule for each term:

ϕ
∂F1

∂x
+

∂ϕ

∂x
F1 + ϕ

∂F2

∂y
+

∂ϕ

∂y
F2 + ϕ

∂F3

∂z
+

∂ϕ

∂z
F3

Rearrange terms:

ϕ

(
∂F1

∂x
+

∂F2

∂y
+

∂F3

∂z

)
+

∂ϕ

∂x
F1 +

∂ϕ

∂y
F2 +

∂ϕ

∂x
F3



ϕ

(
∂F1

∂x
+

∂F2

∂y
+

∂F3

∂z

)
+

∂ϕ

∂x
F1 +

∂ϕ

∂y
F2 +

∂ϕ

∂x
F3

This is the same as:

ϕ∇ • F⃗+∇ϕ • F⃗



We can combine operations:

div(gradϕ) = ∇ •∇ϕ



∇ •∇ϕ =

⟨
∂

∂x
,

∂

∂y
,

∂

∂z

⟩
•
⟨
∂ϕ

∂x
,
∂ϕ

∂y
,
∂ϕ

∂x

⟩
=

∂2ϕ

∂x2
+

∂2ϕ

∂y2
+

∂2ϕ

∂z2

Abbreviation:

∇2ϕ =
∂2ϕ

∂x2
+

∂2ϕ

∂y2
+

∂2ϕ

∂z2



Example: Let ϕ = x2y2z3

∇2ϕ = 2y2z3 + 2x2z3 + 6x2y2z



The Wave Equation: Let u = u(x, y, z, t)

∂2u

∂t2
= c2

(
∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2

)
More compactly,

∂2u

∂t2
= c2∇2u



Schrödinger’s Equation:

ih̄
∂Ψ

∂t
= − h̄2

2m

(
∂2Ψ

∂x2
+

∂2Ψ

∂y2
+

∂2Ψ

∂z2

)
+ VΨ

More Compactly:

ih̄
∂Ψ

∂t
= − h̄2

2m
∇2Ψ+ VΨ



∣∣∣∣ a b
c d

∣∣∣∣ = ad− bc



∣∣∣∣ a b
c d

∣∣∣∣ = ad− bc

∣∣∣∣∣∣
∂
∂x

∂
∂y

F1 F2

∣∣∣∣∣∣ = ∂F2

∂x
− ∂F1

∂y



curl F⃗ = ∇× F⃗ =

∣∣∣∣∣∣
i⃗ j⃗ k⃗
∂
∂x

∂
∂y

∂
∂z

F1 F2 F3

∣∣∣∣∣∣



∇× F⃗ =

∣∣∣∣∣∣
i⃗ j⃗ k⃗
∂
∂x

∂
∂y

∂
∂z

F1 F2 F3

∣∣∣∣∣∣
=

∣∣∣∣ ∂
∂y

∂
∂z

F2 F3

∣∣∣∣ i⃗− ∣∣∣∣ ∂
∂x

∂
∂z

F1 F3

∣∣∣∣ j⃗+ ∣∣∣∣ ∂
∂x

∂
∂y

F1 F2

∣∣∣∣ k⃗



∇× F⃗ =

∣∣∣∣∣∣
i⃗ j⃗ k⃗
∂
∂x

∂
∂y

∂
∂z

F1 F2 F3

∣∣∣∣∣∣
=

∣∣∣∣ ∂
∂y

∂
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F2 F3

∣∣∣∣ i⃗− ∣∣∣∣ ∂
∂x

∂
∂z

F1 F3

∣∣∣∣ j⃗+ ∣∣∣∣ ∂
∂x

∂
∂y

F1 F2

∣∣∣∣ k⃗
=

(
∂F3
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− ∂F2

∂z

)
i⃗−

(
∂F3
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)
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(
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∂y

)
k⃗





Example: Let F⃗ =
⟨
2xy, x2, 3z2

⟩
.

Calculate ∇× F⃗

∇× F⃗ =

∣∣∣∣∣∣
i⃗ j⃗ k⃗
∂
∂x

∂
∂y

∂
∂z

2xy x2 3z2

∣∣∣∣∣∣
=

∣∣∣∣ ∂
∂y

∂
∂z

x2 3z2

∣∣∣∣ i⃗− ∣∣∣∣ ∂
∂x

∂
∂z

2xy 3z2

∣∣∣∣ j⃗+ ∣∣∣∣ ∂
∂x

∂
∂y

2xy x2

∣∣∣∣ k⃗
= (0− 0) i⃗− (0− 0) j⃗+ (2x− 2x) k⃗

= 0⃗



ϕ = x2y + z3

∇ϕ =
⟨
2xy, x2, 3z2

⟩
∇×∇ϕ = 0⃗





∂2ϕ

∂x∂y
=

∂2ϕ

∂y∂x

∂2ϕ

∂x∂y
− ∂2ϕ

∂y∂x
= 0



∇×∇ϕ = 0⃗i+ 0⃗j+ 0k⃗


