Differential Equations



Differential Equation

A differential equation is an equation that involves
the derivative of an unknown function.
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A differential equation could involve higher order
derivatives
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A differential equation could involve partial deriva-
tives
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Let P = P(t) be the population at time t.
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Approaching a Milestone

The Census Bureau estimates that the population of the United States will reach 300 million this fall. Here is a look

at how the country's population has changed over the years.
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*Data cn Hispanics not available for 1920. Totals do not add to 100 because of ounding.
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Malthusian Model of Growth

Population grows at a rate proportional to the size
of the population at any point in time.
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Malthusian Model of Growth

Population grows at a rate proportional to the size
of the population at any point in time.
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Let A = A(t) be the amount of money in a bank
account after ¢t years. The bank pays 1 percent in-
terest. Find a formula for A(?).
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Let A = A(t) be the amount of money in a bank
account after ¢t years. The bank pays 1 percent in-
terest. Find a formula for A(?).

Interest = (Principal)(rate)(time)

dA = A-0.01-dt



Let A = A(t) be the amount of money in a bank
account after ¢t years. The bank pays 1 percent in-
terest. Find a formula for A(?).

Interest = (Principal)(rate)(time)
dA = A-(0.01) - dt

dA
— =0.014
7 0.0



Population problem:

iP
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Bank account problem:
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The mass of a radioactive object decreases with time:

M = M)




If we double the mass, we double the rate at which
the mass decreases.




If we triple the mass, we triple the rate at which the
mass decreases.




The rate at which the mass decreases is proportional
to the mass at any given time.




The rate at which the mass decreases is proportional
to the mass at any given time.

dM
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dt
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The rate at which the mass decreases is proportional
to the mass at any given time.

dM
— = AM (A is a negative number)



Let M = M (t) be the mass of a radioactive object

dM
— = —-\M
dt




Population Growth

Bank Account Problem

Radioactive Mass
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Find a formula for y = y(x) d_y = ky
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Spring Problem:
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Electrical Circuit Problem:
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How do we solve a differential equation?









Separation of Variables






(Where C = CQ — Cl)









dy

= —2x where y(0) = 4
dx

y=—z°+C
Ifr=0then4=-0*4+C=C

y = —x° +4 (Particular Solution)

0,4







dy _
dr

The curve passes through (0, 1).

—2y where y(0) =1

0, 1)



dy
de
The slopeis —2 at =10

—2y where y(0) =1
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The curve is concave up at x = 0

(0, 1)
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As we move to the right, y is getting close to 0 so
the slope is getting closer to 0.
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dy _
dr

The shape of the curve is becoming more evident.

—2y where y(0) =1
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dy
de
Integrate both sides.
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dy
de
Integrate both sides.

—2y where y(0) =1

Yy = /—dex: 77
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— = -2y where y(0) =1

dx
dy = —2ydx
1
—dy = —2dx
Y

Separation of variables






In|y| = -2x+4+C

ly| = e72HC

y = + —2x+C
e = (:I:ec) e %% = ge "



Yy = ae 27

0:

Since y(0) =1, we get 1 = ae’ = a

y = le **




Find the general solution
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o = 2wy — 2zy” = 2ay(1 —y)
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y =ae” (1—y)

CU2 2

y = ae® —ae’ y
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(1 + aefcg) y = ae”
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Solve.
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Solve. Try separation of variables.
dy = (x — 2y)dx

dy —xdr = —2ydx

dy + 2y dxr = xdx
1
T — 2y

Now what?

dy = dx



