Differential Equations Review
Dr. E. Jacobs
Today’s Topic : Second Order Equations
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Heat Equation:

Find a function v = u(z,t) that solves:

2
Ju _ 2070

ot Ox?



Find the function y = y(¢) that solves:
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Let’s start simply:

dy
LA Py
g =0






dy
4y =0
a7

dy _
dt

1
/—dy:/4dt
Y

Iny=4t+ C

— MO _ 04t

4y

Y

where g = €%



The general solution of % — 4y =0 is ae*t

Next, solve
d?y
— —4y =0
a2~ Y



The general solution of % — 4y =0 is ae*t

Next, solve
d?y
— —4y =0
a2~ Y

Will we still get solutions of the form e’ ?



— — 4y =0
a2z~ Y
If y = €™ then % = re’t and % = r2e’t

Substitute into the differential equation:

rle™ — 4™ = ()



YY _4y—0
a2z~ Y
If y = €™ then d—y = re’t and dtg = r2e’t

Substitute into the differential equation:
rle™ — 4™ = ()
Divide both sides by e

r* —4 =0 and therefore r = +2



d?y

=75 — 4y = 0 has two solutions:

The equation

y1 =et and ys =e”

Are there any other solutions?
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d?y

=75 — 4y = 0 has two solutions:

The equation

y1 =et and ys =e”

Are there any other solutions?

2t

2t —2t
Y = C1Y1 + C2ypy = c1e”" + cqe

A linear combination of y; and s



d2y

=75 — 4y = 0 has two solutions:

The equation

y]_ o 62t and y2 — 6_

Are there any other solutions?
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Yy = cie _I_ 026_ - = 4616 —|- 4026_
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— 2 4y = (4(}162t + 4026_2t) —4 (016% T 026_2t>
=0



d2y
CY _4y=0
a2~ Y

Yy = cle% —+ 626_2t

This is the general solution.



d2
Eg —4y =0 where y(0) =0 and 3'(0) = 2

Yy = cre®’ + coe ™



d2
Eg —4y =0 where y(0) =0 and 3'(0) = 2

y = cre’’ 4 coe”

If y(0) =0 then 0 =c¢; +¢c2 80 co = —1

2t

Yy =ce’ — cle_%



d2
Eg —4y =0 where y(0) =0 and 3'(0) = 2

Y = cle% —ci1e

2t
y = 2c1e®t + 2¢1e” %

2 = 9/(0) implies that 2 = 2¢; + 2¢4
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The Hyperbolic Functions

sinh x =

coshxz =



d2
Eg —4y =0 where y(0) =0 and 3'(0) = 2

2t

Yy =cre’ — cle_275

y = 2c1e®t + 2¢1e” %

2 = 9/(0) implies that 2 = 2¢; + 2¢4

1 1
y = —e?' — —e 2 =sinh 2¢
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Find y = y(x) that solve:

Py Py dy
A, R A
dx3 dx? dx 0

Start by looking for solutions of the form e



Find y = y(x) that solve:

Py Py dy
A, R A
dx3 dx? dx 0

Start by looking for solutions of the form e
e’ — 2r2e"™ — 2re™ = ()

P —2r% —2r =0



3 —2r? —2r =0
7“(7“2—27“—2):()

r = 0 is one solution.
For the others, solve r>2—2r—2 =0to get r = 1£+/3

y = c1e’® + 026(1+\/§)x + (338“_\/5)33



Spring Motion:




Hooke’s Law: The force of the spring is proportional
to the displacement of the object.

F, = —ky
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Hooke’s Law: The force of the spring is proportional
to the displacement of the object.




Resistive (damping) force is proportional to the ve-
locity of the object




(mass)(acceleration) = Net force

ma = F, + F,
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Suppose m =1, 3 =5 and k£ = 4.
@+5d_y+4 =0
a2 " Va YT

Find the general solution



d’y  _dy
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Look for solutions of the form e”?

r2e’t 4+ 5re™t 4+ 4e"t = ()



d’y  _dy
I 458 gy =0
a2 TPq T

Look for solutions of the form e”?

r2e’t 4+ 5re™t 4+ 4e"t = ()

r? 4+ 5r +4 =0
(r+1)(r+4)=0

r=—1 r=-4
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y = e"" is a solution if r = —1 or r = —4.

y1 =€ Yy = e M

The general solution is:

y=cre 4 coeH






d2y
"
Suppose m =1, 3 =0 and k£ = 4.

+5 +ky—0

d?y
de?

Find the general solution

+4y =0



Substitute y = e

What does €™ mean if r is an imaginary number?



