
Differential Equations
Dr. E. Jacobs

Today’s Topic : The Complex Root Case



Review:

eiθ = cos θ + i sin θ e−iθ = cos θ − i sin θ

Simplify:
ea+bi



ea+bi = eaebi

= ea(cos b+ i sin b)



Find y = y(x)

d2y

dx2
+ 4

dy

dx
+ 20y = 0

(D2 + 4D + 20)y = 0

Substitute erx

r2 + 4r + 20 = 0



r2 + 4r + 20 = 0

r2 + 4r + 4 = −16

(r + 2)2 = −16

r + 2 = ±4i

r = −2± 4i



(D2 + 4D + 20)y = 0

Substitute erx

r = −2± 4i

y = c1e
(−2+4i)x + c2e

(−2−4i)x

= e−2x
(
c1e

4ix + c2e
−4ix

)



y = c1e
(−2+4i)x + c2e

(−2−4i)x

= e−2x
(
c1e

4ix + c2e
−4ix

)
= e−2x(c1(cos 4x+ i sin 4x) + c2(cos 4x− i sin 4x))

= e−2x((c1 + c2) cos 4x+ (c1i− c2i) sin 4x)

Let A = c1 + c2 and B = c1i− c2i



y = c1e
(−2+4i)x + c2e

(−2−4i)x

= e−2x
(
c1e

4ix + c2e
−4ix

)
= e−2x(c1(cos 4x+ i sin 4x) + c2(cos 4x− i sin 4x))

= e−2x((c1 + c2) cos 4x+ (c1i− c2i) sin 4x)

= Ae−2x cos 4x+Be−2x sin 4x



If α± βi solves the characteristic equation, then the
solution of the differential equation will be a linear
combination of:

eαx cosβx and eαx sinβx



L
d2Q

dt2
+R

dQ

dt
+

1

C
Q = 0

Suppose L = 1, R = 4 and C = 0.05

d2Q

dt2
+ 4

dQ

dt
+ 20Q = 0

Q(t) = Ae−2t cos 4t+Be−2t sin 4t



m
d2y

dt2
+ β

dy

dt
+ ky = 0

Suppose m = 1, β = 4 and k = 20

d2y

dt2
+ 4

dy

dt
+ 20y = 0

y(t) = Ae−2t cos 4t+Be−2t sin 4t



y(t) = Ae−2t cos 4t+Be−2t sin 4t

Initial Conditions: y(0) = 0 and y′(0) = 8

0 = A · 1 +B · 0 = A

y(t) = Be−2t sin 4t



y(t) = Be−2t sin 4t

y′(t) = 4Be−2t cos 4t− 2Be−2t sin 4t

y′(0) = 4B · 1− 2B · 0 = 4B

8 = 4B

B = 2

y(t) = 2e−2t sin 4t



y(t) = 2e−2t sin 4t



m
d2y

dt2
+ β

dy

dt
+ ky = 0


