Even And Odd Functions
Dr. Elliott Jacobs




Given a function f(x) find coefficients a,, and b,, so
that:

f(x) = Z(an cosnx + by, sinnx)

n



sin(—x) = — sin(x)

sin(x)




A function is called an odd function if



Even function




Suppose fi(x) and fy(x) are both odd functions

fil=z) = —f1(z) fa(=x) = = f2()
Let g(x) be the product of these functions

9(z) = fi(x)f2(x)



Suppose fi(x) and fy(x) are both odd functions

fil=z) = —f1(z) fa(=x) = = f2()
Let g(x) be the product of these functions

9(z) = fi(x)f2(x)

g(—x) = fi(—x) fa(—7) = (= [1(2)) (= f2(x)) = fi1(x)f2(T)
g(—z) = g(z)

Therefore, the product of two odd functions will re-
sult in an even function.
Example: g(x) = sin 2z sin 3x



Suppose fi(x) and fy(x) are both even functions

fl=z) = filz)  fa(=2) = fa(2)

Let g(x) be the product of these functions

g(x) = fi(z)f2(7)



Suppose fi(x) and fy(x) are both even functions

fl=z) = filz)  fa(=2) = fa(2)

Let g(x) be the product of these functions
g(x) = f1(z)f2(x)
g(—z) = fri(—z) fo(—2) = f1(2) f2(2) = g(®)

Therefore, the product of two even functions will
result in an even function.
Example: g(x) = cos 2z cos 3z



Suppose fi(z) is odd and fa(x) is even

fil=z)=—fi(x)  fa(—=) = fa(x)

Let g(x) be the product of these functions

g(x) = fi(z)f2(7)



Suppose fi(z) is odd and fa(x) is even

fil=z)=—fi(x)  fa(—=) = fa(x)

Let g(x) be the product of these functions
g(z) = f1(z)f2(x)
9(—z) = fi(—z)fa(—2) = — f1(z) f2(x) = —g(2)

Therefore, the product of odd and even functions
will result in an odd function.
Example: g(x) = sin 2z cos 3x



Suppose f(x) is an even function.

@y = [ ja)de / ' f() da




Suppose f(x) is an even function.

/_C;f(x)d:c:/_Oaf(x)dx+/0af($)dx

ZQ/Oaf(a:)d:r;



7T 7T
/ sinnx sinmx dx = 2 / sin nx sin mx dx
0

_{O if n #m

T ifn=m



Suppose f(x) is an odd function

/_C;f(x)da::/_Oaf(x)dx+/0af(x)dx




Suppose f(x) is an odd function

/_C;f(a:)d:c:/_Oaf(:p)der/Oaf(x)dx:O




sinnxcosmxdxr = 0
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o0

f(x) = Z(an cosnx + by, sinnx)

n=0

Let G, (x) = a, cosnx + b, sinnx



Gp(z)sinnx = (a, cosnx + b, sin nx) sin nx

= a,, cosnx sinnx + b,, sin nx sin nx

[ Gy (z)sinnz dz will be the sum of two integrals:

i 7T
an, / cosnx sinnx dx + b, / sin na sin nx dx

—Tr —T

7T
= Q, - O—I—bn/ sin na sin nx dx

— T



Let G, (x) = a, cosnx + b, sinnx

/ Gp(x)sinnz dr = bn/ sin na da

—7r —Tr

Similarly,

T T

Gn(x)cosnx dx = ay / cos® nx dx

—7 —T



Let G, (x) = a,, cos nx + b, sin nx

-

ris i
i o
/ Gu(z)sinnxdx = by / sin” na dx

et . )

Similarly,

w Fi3
/ Gr(x) cospz dx = a, / cos® nz dx

— T —T

What if these
are different
from each other?



If k # n, then ["_ Gi(z)sinnzdr =0

ak/ coskmsinnxda)—l—bk/ sin kxsinnxdx =0

— —T

Similarly, if £ % n, then ffﬂ Gi(x)cosnzdr =0



O

f(x) = Z(an cosnx + by, sinnx)

n=0

Let G, (x) = a, cosnx + b, sinnx

F(x) = Golz) + Gi(z) + -+ Gp(z) + --



flx) = Go(2)+G1(x)+- - -+ Gyl ZGk
Multiply both sides by sinnx
x)sin nx = Z G (x) sinnx

Now integrate from —7 to =«



["_ f(x)sinnz dr will be a sum of integrals:

oo T

Z G (x) sinnx dx

k=0v T



[ f(z)sinnz dz will be a sum of integrals:

v
— T

Z/ Gk(a:)sinna:dx—l—/ Gp(z)sinnx dx
k#n Y T



[ f(z)sinnz dz will be a sum of integrals:
Z/ G (x) sin nx dx —I—/ Gp(z)sinnx dx
k#n Y T —T

:O—|—bn/ sin? nx dz

— 7T



/ f(x)sinnz dr = bn/ sin? nx dx

If n = 0, this integral is just 0. Otherwise,

1 T
T . 9 f(l') sin nx dx
J__sin“nxdx J_»

= l/7T f(x)sinnx dx

T —T

b, =




Similarly,

T

7T
f(x)cosnxdr = ay, / cos® nx dx
— 7T

— 7T

1 T
f(x) cosnx dx

2
J__cos?nzdr J_,



If n # 0 then,

7T
/ cos’nxdr =7

— 7T

If n =0 then

/cos20xdx:/ 1ldx =27



1 T
Uy = —= /f(a;)cosn:ﬁdx

J__cos?nxzdx J_,

If n £ 0 then
Uy = — f(x)cosnx dx
If n =0 then

aoz%/_Wf(x)cosOxdx:%/_ﬁf(az)dx



o0

f(x) = Z(an cosnx + by, sinnx)

n=0

f(x) =ag + Z(an cos nx + b, sinnx)

n=1



1 ©. @)
f(x) = 540 + Z(an cosnx + by, sinnx)

n=1
This way, every a,, is given by the formula:

T

1
Uy = — f(x)cosnx dx
T — 7T



Fourier Series

1 ©.@)
f(x) = 540 + Z:l(an cosnx + by, sinnx)
1 T
ap = — f(x)cosnx dx
T — 7T

1 T
b, = — f(x)sinnx dx
T — 7T



