
Fourier Series Solution of the Heat Equation
Dr. Elliott Jacobs

Temperature: u = u(x, t)
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Boundary Conditions
u(0, t) = 0 u(L, t) = 0

Initial condition:

u(x, 0) = f(x)



Trivial solution:

u(x, t) = 0 for all x and t
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u = u(x, t)
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Find all functions X(x) and T (t) so that

u = X(x)T (t)

solves
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as well as the boundary conditions



u(x, t) = X(x)T (t)

The conditions u(0, t) = 0 and u(L, t) = 0
imply that

X(0)T (t) = 0 X(L)T (t) = 0



u(x, t) = X(x)T (t)

The conditions u(0, t) = 0 and u(L, t) = 0
imply that

X(0)T (t) = 0 X(L)T (t) = 0

If we want nontrivial solutions then
X(0) = 0 and X(L) = 0



Substitute u = X(x)T (t) into ∂u
∂t = α2 ∂2u
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Substitute u = X(x)T (t) into ∂u
∂t = α2 ∂2u

∂x2

∂

∂t
(X(x)T (t)) = α2 ∂2

∂x2
(X(x)T (t))

X(x)T ′(t) = α2X ′′(x)T (t)



Substitute u = X(x)T (t) into ∂u
∂t = α2 ∂2u
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(lnT (t)) = λ

lnT (t) =

∫
α2λ dt = α2λt+ C

T (t) = (Const)eα
2λt



X ′′(x)

X(x)
= λ

X ′′(x)− λX(x) = 0



X ′′(x)

X(x)
= λ

X ′′(x)− λX(x) = 0

If λ = 0 then:

X ′′(x) = 0

X(x) = ax+ b



X(x) = ax+ b

X(0) = 0 implies that b = 0 so X(x) = ax
X(L) = 0 implies that 0 = aL so a = 0

X(x) = ax+ b = 0x+ 0

X(x) = 0 for all x

X(x)T (t) = 0 · T (t) = 0
This is the trivial solution



X ′′(x)− λX(x) = 0

If we want nontrivial solutions then λ ̸= 0
We can get solutions to this equation of the
form erx



Substitute X = erx into X ′′ − λX = 0

d2

dx2
(erx)− λerx = 0

r2erx − λerx = 0

r2 − λ = 0

r = ±
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X ′′ − λX = 0. The general solution is:

X(x) = c1e
√
λx + c2e

−
√
λx



X(x) = c1e
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0 = X(0) = c1e
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e2
√
λL = 1

This can only happen if the exponent is
imaginary: 2

√
λL = iθ

eiθ = 1

cos θ + i sin θ = 1

cos θ = 1 sin θ = 0



cos θ = 1 only at θ = 2nπ.
At these points, sin θ = 0



2
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X(x) = c1
(
e

nπx
L i − e−

nπx
L i

)
e

nπx
L i = cos

nπx

L
+ i sin

nπx

L

e−
nπx
L i = cos

nπx

L
− i sin

nπx

L

X(x) = (Const) sin
nπx

L



√
λ =

nπi

L

λ = −n2π2

L2
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n = 1, 2, 3, . . .



u(x, t) =
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Finally, impose the initial condition
u(x, 0) = f(x) for 0 ≤ x ≤ L

f(x) = u(x, 0) =
∞∑

n=1
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nπx
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u(x, 0) = f(x) is only specified from 0 to L



The Fourier sine series extends f(x) to neg-
ative values of x in such a way that it is an
odd function.
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f(x) = x(L− x)
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u = u(x, t)


