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Last time, we used the boundary conditions:

u(0, t) = 0 u(L, t) = 0

and initial condition u(x, 0) = x(L− x)
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This time, take L = 1 and use the following
the boundary conditions:

∂u

∂x
(0, t) = 0 and

∂u

∂x
(1, t) = 0

New initial condition: u(x, 0) = sin2 πx
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dt
(lnT (t)) = −λ2

lnT (t) = −
∫

α2λ2 dt = −α2λ2t+ C

T (t) = (Const)e−α2λ2t



X ′′(x)

X(x)
= −λ2

X ′′(x) + λ2X(x) = 0

If λ = 0 then: X ′′(x) = 0

X(x) = c1 + c2x



X(x) = c1 + c2x

X ′(x) = c2

∂u
∂x (0, t) = 0 and ∂u

∂x (1, t) = 0 imply that
X ′(0) = 0 and X ′(1) = 0 so c2 = 0

X(x) = c1 = Constant



X ′′(x) + λ2X(x) = 0

If λ ̸= 0 then:

X(x) = A sinλx+B cosλx



X(x) = A sinλx+B cosλx

X ′(x) = Aλ cosλx−Bλ sinλx

X ′(0) = 0 = Aλ cos 0−Bλ sin 0 = Aλ

0 = A



If A = 0 then:

X(x) = A sinλx+B cosλx = B cosλx

X ′(x) = −Bλ sinλx

X ′(1) = 0 = −Bλ sinλ

0 = sinλ

λ = π, 2π, 3π, · · ·



λ = πn where n = 0, 1, 2, 3, · · ·
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If n ≥ 1 then X(x) = (const) cosnπx
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λ = πn where n = 0, 1, 2, 3, · · ·

T (t) = (const)e−α2λ2t = (const)e−α2π2n2t

If n ≥ 1 then X(x) = (const) cosnπx

If n = 0 then X(x) = const = (const) cos 0

X(x) = (const) cosnπx for n = 0, 1, 2, · · ·



X(x)T (t) = (const)e−(απn)2t cosnπx

Any expression of this type will solve the
partial differential equation and the bound-
ary conditions.



General solution:

u(x, t) =
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The initial condition u(x, 0) = sin2 πx de-
termines the values of an
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