Laplace’s Equation
Dr. Elliott Jacobs
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At steady-state 5 = 0 so:
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Laplace’s Equation
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If u is 0 on all boundaries, then the temper-

ature in the interior is 0 at all points. This
is the trivial solution.
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For a nontrivial solution, we need u to be
nonzero on at least one boundary.

yl u ={(x)
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Boundary conditions:

u(z,1) = f(z)  u(0,y) =0
u(x,0) =0 u(l,y) =0

yl u ={i(x)
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Find all functions X (x) and Y (y) so that
X ()Y (y) solves:
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X"(2)Y (y) + X(2)Y"(y) =0
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X ()Y (y) solves:

0’y 0%u

92 Vo =
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Find all functions X (x) and Y (y) so that
X ()Y (y) solves:

0’y 0%u

92 Vo =
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X"x)+ XX (z)=0
X(0)=0 X(1)=0

If A =0, we will get only the trivial solution

X(x)=0 for all x



X" (x)+ XX (x) =0
X(0)=0 X(1)=0
If A # 0 then:

X(z) = AcosVz 4+ Bsin VA
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X(0)=0 X(1)=0
If A # 0 then:
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X(0)=0=AcosO+ Bsin0=A



X (z) = AcosV Az + BsinVx
If A =0 then:

X (z) = Bsin V)
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X(x) = Acos VI + Bsin Vzx
If A =0 then:

X (z) = BsinV Az

X(1) =0 = Bsin VA
0 = sin V/)\
\/X:mrwherenzl, 2, 3, -



If v/A = nr then:
X (z) = BsinV Az = Bsinnnz
Now, solve:
Y'(y) =AY (y) =0

Y (y) —n*m?Y (y) = 0



Y (y) —n*7?Y (y) =0
Substitute e"Y

r2e"V — nlrle’V = ()

r —n?r? =0

r = Inm



Y"(y) —n*m?Y (y) = 0
e is a solutionif r=nmorr = —nnw

e"™Y and e "™Y are solutions

Y(y) =c1e"™Y 4 coe™ "™



Y(y) = c1e"™ + coe” "V

The boundary condition Y (0) = 0 implies:
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sinh 6 = % (69 — 6_9)

2sinh @ = e — ¢™?
Y(y) = c1e"™ — cpe™ "™
= ¢y (enﬁy _ e—mry)
= 2¢1 sinh nmy

= (const) sinh nmy



X (x) = (const) sin nmx
Y (y) = (const) sinh nry
Therefore:
X ()Y (y) = (const) sin nmx sinh nry

What about the last remaining boundary
condition u(xz,1) = f(x)



X ()Y (y) = (const) sin nmz sinh ny
u(xv 1) — f(CU)
f(z) = X(2)Y (1) = (const) sinnmz sinh nx

Can’t solve!
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u(z,y) = Z by, sinh nmy sin nrx
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Now impose the last boundary condition:

u(z,1) = f(z)
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f(x) = Z (by, sinhnm) sinnwx
n=1
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Example: Suppose f(x) =1
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u(xz,y) is given by:

n smh n

Z —1)") sinh ny sin nmx






