The Wave Equation
Dr. Elliott Jacobs
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At the right end:
Horizontal Component = T5 cos 65

Vertical Component = 75 sin 65




At the right end:
Horizontal Component = 715 cos 65

Vertical Component = 75 sin 65

At the left end:
Horizontal Component = 77 cos 6,

Vertical Component = 7} sin 64
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T, sin 65 — T1 sin 61 = (mass)(acceleration)
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mass = pAs acceleration = 57
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For a small deflection: As ~ Ax
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Take the limit as Ax goes to 0
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Boundary conditions:
u(0,t) = u(l,t) =0

Initial conditions:
w(z,0) = f(z) and 2 (z,0) =0
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Boundary conditions:
u(0,t) = u(l,t) =0
Initial conditions:
w(z,0) = f(z) and Z%(z,0) =0

Substitute T'(¢) X (x)



Substitute T'(1) X (z)

T )X (z) = AT X" ()
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Substitute T'(1) X (z)

T )X (z) = AT X" ()

() X'
2T(t) X(x)







X" () + X (z) =0
X(x) = Acos Ax + Bsin \x
X(0)=0 implies A=0

X(x) = Bsin Az
X (1) =0 implies 0= BsinA\
0 =sin A

A=nm wheren=1, 2, 3, ---



X(x) = Bsinnnx
T"(t) + ENT(t) =0
T"(t) + *n*m*T(t) = 0
T(t) = acosnmct + Bsinnmct

Initial condition: u(x,0) = f(x)

X(x)T(0) = f(z) (may be inconsistent)



T"(t) + c*n*m?T(t) = 0
T(t) = acosnmet + Bsinnmct

Other initial condition: %(x, 0) = 0.
If u= X(x)T(t) then:

X(z)T'(0) =0

T'(0) = 0



T'(0) =0
T(t) = acosnmet + Besinnwet
T'(t) = —canm sinnwct + cBnm cos nwct
T'(0) = cBnm =0
B =0

T(t) = acosnmct



X (x) = (const) sinnmx
T(t) = (const) cosnmct
X (x)T'(t) = (const) cos(nmct) sin(nmwx)

where n =1,2,3,...



u(x,t) = Z by, cos(nmct) sin(nmx)

n=1



u(x,t) = Z by, cos(nmct) sin(nmx)

n=1

Initial amplitude u(zx,0) = f(x)



u(x,t) = Z by, cos(nmct) sin(nmx)

n=1

E by, cos(0) sin(nmx)



f(z) = Z by, sin(nmx)

1
by, = / f(z)sinnmx dx
—1
Let’s take a very simple initial function:
f(z) =sinmx

Let’s also take ¢ =1



o0
sin T = g b, sSin nmx
n=1

= by sinmx + by sin 2wx + by sin 3mx + - - -



u(x,t) = Z by, cos(nmt) sin(nmrx)

n=1

If by =1 and b,, = 0 for n > 1 then:

u(xz,t) = cos(nt) sin(mx)



u(xz,t) = cos(nt) sin(mx)

Graph of u(x,0) :




u(xz,t) = cos(nt) sin(mx)

)
Graph of u (x, i) ;




u(xz,t) = cos(nt) sin(mx)

)
Graph of u (x, %) ;
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u(xz,t) = cos(nt) sin(mx)

)
Graph of u (x, %) ;




u(xz,t) = cos(nt) sin(mx)

Graph of u(x,1) :
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u(x,t) = Z by, cos(ncrmt) sin(nmx)

n=1

flz) = Z by, sin(nmx)



sin(f + ¢) = sin f cos ¢ + cos O sin ¢

sin(f — ¢) = sin f cos ¢ — cos fsin ¢
Add:

sin(f + ¢) + sin(f — ¢) = 2sin 6 cos ¢



I
sin @ cos @ = §(si11(9 + @) +sin(f — ¢))

sin nwx cos nwet = 5 (sin(nm(x + ct)) + sin(nw(z — ct)))



1
sin nmx cos nmwet = 5 (sin(nm(z + ct)) + sin(nw(z — ct)))

oo
Wl L) = Z by, cos(nmct) sin(nma)

=1

= - (Z by, sin(nm(x + ct)) + Z b, sin(nm(x — (z‘)))

' n=1 n=1

b | =



= Z by, sin(nmx)
n=1

f(@+ct) = bysin(nm(z+ ct))

n=1

f(x —ct) Zb sin(nmw(x — ct))



e, 1) = Z b, cos(nmct) sin(nma)

=1
J
=5 (231 b, sin(nm(z +ct)) + 221 by, sin(nm (2 — Ct)))

(f(x+ct) + f(x—ct))
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d’Alembert’s Formula

u(a,t) = 5 (f( + ) + f(z — ct)

Example:
Take f(x) =e™*
What is the meaning of f(x —ct) 7

2



f(z — ct) represents motion of a wave to the
right at speed c




f(z + ct) represents motion of a wave to the
right at speed c




d’Alembert’s Formula

ou

u(z,0) = f(x) E(x,@) =0

u(a,t) = 5 (f(x +et) + f(z - ct)
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